In this paper we describe how wavelets may be used to solve partial di erential equations. These problems are currently solved by techniques such as nite di erences, nite elements and multigrid. The wavelet method, however, o ers several advantages over traditional methods. Wavelets have the ability to represent functions at di erent levels of resolution, thereby providing a logical means of developing a hierarchy of solutions. Furthermore, compactly supported wavelets (such as those due to Daubechies 1]) are localized in space, which means that the solution can be re ned in regions of high gradient, e.g. stress concentrations, without having to regenerate the mesh for the entire problem.
In two dimensions, the space of square integrable functions is L 2 (R 2 ) and any function f(x; y) which lies in this space may be expressed in terms of the orthonormal basis i;k (x) j;l (y); i; k; j; l Z This is simply the tensor product of the one dimensional bases in the two coordinate directions, x and y. f(x; y) may be represented at resolution m by For a greater insight into the properties of wavelets and their construction, the reader is referred to 4].
This work details how a hierarchy of wavelet solutions to two dimensional partial di erential equations may be developed using scaling function bases. In order to demonstrate the wavelet technique, we consider Poisson's equation in two dimensions i.e. u ;xx + u ;yy = f where u = u(x; y), f = f(x; y). 7 7 7 7 7 7 7 7 7 7 7 3 7 7 7 7 7 7 7 7 7 7 7 5 From the properties of the Fourier matrix, the rst column of A is the inverse Fourier transform of the rst column of L. Hence, F nx L = In the particular case of Poisson's equation, the convolution kernel is singular. As a consequence of this singularity, the rst element ofK is zero.
(K) 0;0 = 0 To avoid division by zero, (K) 0;0 may be set to arbitrary nonzero value. If the function f is chosen such that its mean over the period is zero in both the x and the y directions, then the value assigned to (K) 0;0 is immaterial. The wavelet-Galerkin solution of the periodic problem is slightly more complicated than the nite di erence solution, since the solution procedure consists of solving a set of simultaneous equations in wavelet space and not in physical space. This means that we have to transform the right hand side function into wavelet space, solve the set of simultaneous equations to get the solution in wavelet space, and then transform the solution from wavelet space back into physical space. Consider the same problem as before u ;xx + u ;yy = f (7) 7 7 7 7 7 7 7 7 7 7 7 7 7 5 (n;n)
Taking the two dimensional FFT of equation (10) But n (n = n x ; n y ) are circulant matrices and so 3 7 7 7 7 7 7 7 7 7 7 7 5 (n;n) ThusÛ = M nxĉ M ny (11) Equation (11) 3 7 7 7 7 7 7 7 7 7 7 7 5 (nx;ny) B y = 2 6 6 6 6 6 6 6 6 6 6 6 4 The di erential equation in wavelet space may now be formulated by substituting equations (9) and (14) into equation (7):
i.e. 
Since the translates of the scaling function are mutually orthogonal, this simpli es to The two dimensional FFT of equation (16) Figure 3 . Figure 4 shows the decay of the maximum residual error with increasing sample size n. The gure clearly indicates the high rate of convergence that is obtained with the wavelet method. Figure 5 indicates the variation of computation time, in seconds, with increasing sample size. The wavelet solution takes slightly longer than the nite di erence solution owing to the need to transform the sample from physical space into wavelet space and back again. This overhead becomes less signi cant as the sample size increases. From these results it can be seen that the wavelet solution compares extremely favourably with the nite di erence solution. The wavelet solution method for partial di erential equations has obvious practical applications in engineering, such as in the static and dynamic analysis of structures and the solution of the heat equation. In engineering problems, we often require a quick rough estimate of the solution at the preliminary stage, which may later be re ned as the design or investigation progresses. Wavelets have the capability of providing a multilevel description of the solution (see S. Mallat's work on the application of wavelets to multiresolution signal decomposition 3]). The multiresolution property of wavelets, along with their orthogonality and localization properties, means that we may obtain an initial coarse description of the solution with little computational e ort and then successively re ne the solution in regions of interest with a minimum of extra e ort. The problem of successive re nement is one of the main drawbacks of the nite element method. In fact, wavelets are applicable to any problem that can be solved using nite elements. Preliminary research indicates that wavelets are a strong contender to nite elements, however, further research is still required in this area.
Conclusions
The wavelet method has been shown to be a powerful numerical tool for the fast and accurate solution of partial di erential equations. The procedure described here shows that the solution to the di erential equation is related to the equation's right hand side by a sequence of discrete convolutions which can be rapidly performed using the Fast Fourier Transform. Although the FFT implies that the solution is periodic, we may incorporate non periodic boundary conditions using the periodic Green's function. Solutions obtained using the wavelet method have been compared with those obtained using the nite di erence method and the wavelet solutions have been found to converge much faster than the nite di erence solutions (see also Qian and Weiss 10] ). Although the wavelet solution requires slightly more computational e ort than the nite di erence solution, the gains in accuracy, particularly with higher order wavelets, far outweighs the increase in cost. Furthermore, wavelets have the capability of representing solutions at di erent levels of resolution, which makes them particularly useful for developing hierarchical solutions to engineering problems.
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